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Application of Ideas of
Partially Hyperbolic Dynamics

to Holomorphic Foliations

• Holonomy of along the leaves of mostly contracting.
• u-Gibbs states provide the finite number SRB-measures

we are interested in.



Algebraic Description:
Polynomial Vector Field in 2 

complex variables

Geometric Object:
Space: 2 dimensional complex projective space

(Compactify by adding a line at infinity)

Infinitesimal Definition of (Singular) Holomorphic Foliation:
1 complex dimensional subspace of tangent space given by the 

polynomial vector field 
(it extends to the line at infinity  with a pole at infinity)



The Polynomial Vector Field defines a 
Differential Equation 
with Complex Time:

z´=P(z,w)
w´=Q(z,w)

TIME is now 
2-real dimensional 

= 1-complex dimensional



Folíations 2 dimensional Leaves



The Geometric Object:
• Decomposition of compact 4-real dimensional 

space into a disjoint union of 2-dimensional real 
leaves = 2-dimensional real leaves with a 
conformal structure.

• Basic Question:
What is the distribution of the                   

leaves in the space?
Basic Claim to Prove:

There is a strong ‘attractor’



Bernhard Riemann 
Every simply-connected 

conformal surface:
Euclidean Plane
Hyperbolic Plane 

2 Dimensional Sphere

Henri Poincaré: 
There are three
2-dimensional
geometries:
• Euclidean
• Hyperbolic
• Spherical



The Hyperbolic Plane:



For a Topologist
Euclidean Plane=Hyperbolic Plane

For a Geometer 
they are 2 distinct planes
What is the difference?

In the hyperbolic plane 
there is much more area!!
But, both have infinite area?

How can one see this difference?



In Euclidean Geometry:
• Area of a disk of radius R =
• Area of a  ring of inner radius R-1 and 

outer radius R =

New Area/Total Area =                   ---->0



In Hyperbolic Geometry:

• Area of a disk of radius R ~ 
• Area of a ring of inner radius R-1 and 

outer radius R ~ 
have nearly the same area



A Basic Idea why Birkhoff’s Ergodic
Theory works:

• Given a large interval of time [0,T], 
• The next interval of time [0,T+1]
• Length New time = 1
• (Length new time/( Length total time) =  0

(Krylov and N. N. Bogolyubov) 

This implies the existence of invariant probability 
measures.



For Most Polynomial Differential 
Equations with complex time,

All Leaves are Hyperbolic and the 
hyperbolic (Poincaré) metric is C :

Ergodic Method does not work, 
since leaves have the geometry of  
hyperbolic type (an increase in a 

disk by radius 1 increases the area 
in an order similar to previous area).



Dennis Sullivan, Lucy Garnet  (1983)

• Think of leaves made of 
material, thermically
isolated one from the other.

• Consider the heat flow on 
each leaf.

• The Heat Flow generates 
limiting measures 
(Harmonic Measures)

• Any Foliation has Harmonic 
Measures with ergodic
properties, which describe 
the distribution of the 
leaves of the foliation.



(M,F) Foliated Heat Flow on Functions  and 
on Measures: Foliated Brownian Motion



Foliated Harmonic Measures
are measures invariant under the

Foliated Heat Flow

• Locally on a foliated chart (z,w):

h = harmonic function along the leaves



Brownian Motion Approach:

Theorem(Deroin, Kleptsyn): Let         be a 
transversly conformal foliation in a compact 
manifold with no transverse invariant measure, 
then: 

1) There existe a finite number of minimal sets 
with harmonic probability measures     
describing a repellor-attractor dynamic with 
statistics     .

2) There exists a negative number –c, such that 
traveling along a generic Brownian path, one 
sees contraction with exponent at least –c.



Geometric Approach:
Geodesics in the hyperbolic disk:



Stable and Unstable Horocycles:
Stable and Unstable Foliations of 

Hyperbolic Geodesic Flow, 
may be parametrized to form 

stable and unstable horocycle flows: 



Horocyclic Flows:
H  : TD x R ---> TD

The action of the geodesic and 
(un)stable horocyclic flows 
generate surfaces in TD which 
correspond to the central-stable 
and central-unstable foliations:



Let           be a Holomorphic Foliation  
with hyperbolic leaves and no singularities 

on a compact complex surface . 
= Unit tangent vectors to the leaves  

= 5 dimensional manifold with foliation of 
dimension 3

Foliated Geodesic and Horocycle Flows 
G:    x R  ->              H     :    x R  ->     



Theorem (Bakhtin-Martínez): Let            be a 
foliation of a compact manifold by hyperbolic 
Riemann surfaces and denote by          the unit 
tangent bundle of the foliation with the pull back 
foliation, then:

establishes a 1-1 
correspondence between measures on   
invariant under the foliated and u-horocyclic
flows and harmonic measures of (M,F).



• Flow
• G-invariant foliation
• G-invariant splitting

• central-unstable foliation







Theorem: 
• u-Gibbs states are invariant under the foliated

geodesic and u-horocycle flows, and hence
project to foliated harmonic measures of M.

• There are a finite number (say N) of these
u-Gibbs states and they describe the forward
statistics of the foliated geodesic flow.

• For each attractor, there is a negative Lyapunov
exponent.

• These u-Gibbs states are SRB-measures for
the foliated geodesic flow; the union of their
basins of attraction is a full measure set.



Matilde Martínez on her talk next
week will explain topological

properties of the foliated horocycle
flow and generalizations.



Thank you for your attention.


